Optical frequency combs (OFCs) have attracted attention as optical frequency rulers due to their tooth-like discrete spectra together with their inherent mode-locking nature and phase-locking control to a frequency standard. Based on this concept, their applications until now have been demonstrated in the fields of optical frequency metrology. However, if the utility of OFCs can be further expanded beyond their application by exploiting new aspects of OFCs, this will lead to new developments in optical metrology and instrumentation. Here, we report a fiber sensing application of OFCs based on a coherent link between the optical and radio frequencies, enabling high-precision refractive index measurement based on frequency measurement in radio-frequency (RF) region. Our technique encodes a refractive index change of a liquid sample into a repetition frequency of OFC by a combination of an intracavity multi-mode-interference fiber sensor and wavelength dispersion of a cavity fiber. Then, the change in refractive index is read out by measuring the repetition frequency in RF region based on a frequency standard. Use of an OFC as a photonic RF converter will lead to the development of new applications in high-precision fiber sensing with the help of functional fiber sensors and precise RF measurement.
to a microwave or radio-frequency (RF) frequency standard. Based on the concept of an optical frequency ruler, OFCs have found many applications in optical frequency metrology and distance metrology; examples include atomic spectroscopy [2] , gas spectroscopy [4] , solid spectroscopy [5] , spectroscopic ellipsometry [6] , strain sensing [7] , and distance measurement [8] . Also, time characteristics of OFC has been applied for the ultrafast spectroscopy by the help of asynchronous optical sampling [9, 10] ; for example, detection of coherent phenomena [11, 12] and relaxation dynamics of saturable absorber [13] . If the application fields of OFCs could be expanded beyond those previous application, the adoption of OFCs as next-generation lasers will grow in optical metrology and instrumentation.
One interesting feature of OFCs is a coherent link between the optical and radio frequencies. For example, when an OFC is detected with a photodiode, its quadratic-detection function converts a mode spacing of OFC into a beat signal in the RF region without changing frep. While the mode spacing of the OFC is transferred into the RF beat signal via such a coherent detection process, use of the RF beat signal simplifies the experimental methodology because measurement in the RF region benefits from high precision, high functionality, convenience, and low cost by making use of various kinds of RF measurement apparatuses. Therefore, the RF beat signal and its harmonic components have been applied to optical distance metrology, such as long-distance measurement with extremely high precision [14] [15] [16] .
The key feature required to enable this new use of OFC is a photonic RF conversion function in a fiber OFC cavity. The repetition frequency frep in a ring cavity is given by
where c is the speed of light in vacuum, n is the group refractive index of the cavity fiber, and L is the geometrical length of the fiber cavity. If an external disturbance, such as a temperature change, strain, or vibration, interacts with the fiber OFC cavity, f rep shifts as a result of a change of the optical cavity length nL. In other words, the OFC can act as a photonic RF converter for such an external disturbance. Since RF frequency measurement can be performed with high precision and a wide dynamic range by making use of accurate frequency standards, the combination of a photonic RF converter and RF frequency measurement, namely, a photonic RF sensor, has the potential to greatly enhance the precision and dynamic range compared with those of conventional electrical or photonic sensors. Although this use of a photonic RF sensor has been demonstrated for strain [17] , strain/temperature [18, 19] , and ultrasound [20, 21] by use of multiple-longitudinal-mode or multiple-polarization-mode spacing in a CW fiber laser, use of an OFC will further benefit from the ultra-narrow linewidth and high stability of frep due to the inherent nature of the mode-locking oscillation. However, when a cavity single-mode fiber (SMF) itself is used as a sensor, the measurable sensing quantities are limited to physical quantities that directly interact with the fiber OFC cavity, such as strain [22] , acoustic pressure [23] , or ultrasound waves [24] . Photonic RF sensors that can sense a wide variety of physical quantities will become possible if a functional fiber sensor can be introduced into a fiber OFC cavity. Such intracavity fiber sensors will benefit from the sensitivity enhancement made possible by the multiple passages of light through the sensor in addition to photonic RF conversion. One interesting application of photonic RF sensors is in sensing of refractive index (RI) because fiber RI sensors have found many applications in ethanol sensing [25] , glucose sensing [26] , bio-sensing [27] , and gas sensing [28] . In these applications, shift of optical spectrum or change of optical intensity has been measured. However, the precision of RI sensing is limited by the instrument performance; these applications still need even greater sensing performance. If high-precision RF measurement can be used for the optical RI sensing, its sensing precision will be largely enhanced.
In this article, we focus on a multi-mode interference (MMI) fiber sensor for RI measurement [29] [30] [31] . An MMI fiber sensor is composed of a clad-less multi-mode fiber (MMF) with a pair of SMFs at the two ends, has good compatibility with fiber OFC cavities, and works as an RI sensor based on a change in MMI wavelength λ MMI due to the Goos-Hänchen shift on the surface of the clad-less MMF [ Fig. 1(a) , see Materials and methods]. An RI-dependent shift of λ MMI in the fiber OFC cavity is converted into a shift of f rep via wavelength dispersion of the cavity fiber [ Fig. 1(b) ]. In our setup, we introduced an MMI fiber sensor into a fiber OFC cavity, forming what we call an MMI-OFC, and read out the change in RI in a sample solution via f rep to demonstrate the potential of MMI-OFCs as photonic RF sensors for RI. 
Materials and methods

MMI fiber sensor
A schematic diagram of the MMI fiber sensor is shown in Fig. 1(a) . Broadband light passing through the input SMF is diffracted at the entrance face of the clad-less MMF, and then repeats total internal reflection at the boundary between the clad-less MMF surface and the sample solution (typical number of reflections: a few tens to a few hundreds). When a light beam undergoes total internal reflection in the clad-less MMF, the beam is spatially shifted as if it had briefly penetrated the surface before bouncing back (Goos-Hänchen shift), as shown in an inset of Fig. 1(a) . The penetration Z is given by [32] 
where λ is the wavelength of transmitting light, n MMF is the refractive index of the clad-less MMF, θ is the incident angle of the light to the cladding, and n sam is the sample RI. When the order of the MMI, m, is equal to 4, all modes of light are refocused as shown in Fig. 1(a) , and the constructive interference of light has the maximum peak intensity at the MMI wavelength λ MMI [32] . λ MMI light mainly exits through the clad-less MMF and then goes toward the output SMF. λ MMI is given by [ 
where L MMF is the geometrical length of the clad-less MMF and D(n sam ) is the effective diameter of the clad-less MMF influenced by the Goos-Hänchen shift [see an inset of Fig.  1(a) ]. From Eqs. (2) and (3), when n sam changes, Z and the corresponding D(n sam ) change; therefore, λ MMI becomes a function of n sam . Since the intracavity MMI fiber sensor also receives the similar effect, the MMI-OFC output light shows the RI-dependent shift of optical spectrum. Such RI-dependent optical-spectrum shift experiences the wavelength dispersion of the cavity fiber rather than the intracavity MMI fiber sensor. In other words, the change of nL in Eq. (1), caused by the RI-dependent optical-spectrum shift, leads to the RI-dependent f rep shift. Within the limited range of the sample RI, this RI-dependent f rep shift can be linearized as demonstrated later. The MMI fiber sensor was composed of a clad-less MMF (core diameter = 125 µm, fiber length = 58 mm) with a pair of SMFs at both ends (core diameter = 6 µm, clad diameter = 125 µm, fiber length = 54 mm), in which the diameter of the SMF clad was equal to that of the clad-less MMF core. In the present MMI-OFC, we set m to 4 for use of the intracavity MMI fiber sensor as the RI-dependent tunable band-pass filter. Due to the spectral bandpassfiltering effect in the MMI process, the MMI fiber sensor acts as an RI sensor showing an RIdependent λMMI shift. We designed the parameters of the MMI fiber sensor so that the spectral peak appeared around the center wavelength of fiber OFC ( = 1555 nm) when the sample is a pure water sample (0 EtOH%, RI = 1.333 refractive index units or RIU).
Experimental setup
We used a mode-locked Er:fiber laser oscillator for the MMI-OFC (see Fig. 2 ). This oscillator had a ring cavity including a 2.9 m length of single-mode fiber (SMF, SMF-28, Corning, dispersion at 1550 nm = 17 ps/km/nm), a 1.6 m length of erbium-doped fiber (EDF, ER30-4/125, LIEKKI, dispersion at 1550 nm = −15 ps/km/nm), a polarization controller [PC, PCUA-15-S/F(15P/15Q/15H), Optoquest Co., Ltd.], a polarization-insensitive isolator (ISO, PSSI-55-P-I-N-B-I, AFR), a 70:30 fiber coupler (FC, SBC-1-55-30-1-B-1, AFR), a wavelength-division-multiplexing coupler (WDM, WDM-1-9855-1-L-1-F, AFR), and a pumping laser diode (LD, BL976-PAG900, Thorlabs, wavelength = 980 nm, power = 900 mW). The temperature of the fiber cavity was controlled to 25.0°C by a combination of a Peltier heater (TEC1-12708, Kaito Denshi, power = 76 W), a thermistor (PB7-42H-K1, Yamaki), and a temperature controller (TED200, Thorlabs, PID control). Stable soliton modelocking oscillation was achieved by nonlinear polarization rotation with near zero cavity dispersion ( = −0.045 pm/s 2 ) before and after introducing the MMI fiber sensor in the cavity. The output light from the oscillator was detected by a photodetector (PD), and its f rep was measured by an RF frequency counter (53230A, Keysight Technologies, frequency resolution = 12 digit/s) and an RF spectrum analyzer (E4402B, Keysight Technologies, frequency resolution = 1 Hz), both of which were synchronized to a rubidium frequency standard (FS725, Stanford Research Systems, accuracy = 5 × 10 −11 and instability = 2 × 10 −11 at 1 s). Also, its optical spectrum was measured by an optical spectrum analyzer (AQ6315A, Yokogawa Electric Corp., wavelength accuracy = 0.05 nm, wavelength resolution = 0.05 nm).
Samples
Mixtures of ethanol and pure water were used as standard samples. The sample RI was adjusted by changing the mixture ratio between ethanol and water. The relationship between the ethanol concentration EC (unit: EtOH%) and the sample RI (unit: RIU) is given by [ .
The temperature of the sample was controlled to 22°C by a combination of a K-type thermocouple (TJA-550K, AS ONE), a cord heater (603-60-69-01, Tokyo Glass Kikai, power = 15 W), and a temperature controller (TJA-550, AS ONE, PID control, display resolution = 0.1°C). 
Results
Basic characteristics of fiber OFC
Stable mode-locking oscillation in the MMI-OFC is indispensable for high-precision RI sensing. Here we compare an optical spectrum of the MMI-OFC with that of a usual OFC. The blue line in Fig. 3 shows an optical spectrum of a usual OFC (center wavelength = 1561.8 nm, spectral bandwidth = 15 nm, mean power = 4.7 mW), indicating the symmetrical broad spectrum, together with some spikes due to the soliton mode-locking oscillation near the zero-dispersion region of the cavity (−0.045 pm/s 2 ). On the other hand, the red line in Fig.  3 shows an optical spectrum of an MMI-OFC. The spectral bandpass-filtering effect of the intracavity MMI fiber sensor decreased the spectral bandwidth and the mean power to 10 nm and 2.9 mW, respectively. In this way, we could obtain stable mode-locking oscillation even in the MMI-OFC. Next, we investigate RF spectra of the MMI-OFC light because the multi-mode propagation and polarization spread in the intracavity MMI fiber sensor may superimpose unnecessary parasitic side modes on the RF beat signal. Figure 4(a) shows the RF spectrum of the MMI-OFC light within the frequency range of 0 to 3000 MHz when the resolution bandwidth (RBW) and the video resolution bandwidth (VBW) were set to 300 kHz. The fundamental component and 68 harmonic components of repetition frequency appeared as frequency spikes with a constant frequency spacing of f rep , namely RF com modes; however, no additional signals appear in gap regions between these modes. We next expanded the spectral region of the fundamental component ( = f rep = 43.0176 MHz) with different spectral range and RBW/VBW, as shown in Figs. 4(b) , 4(c), and 4(d). Only single sharp spike was confirmed. We next expanded the spectral region of the 49-th harmonic component ( = 49f rep = 2107.862 MHz), as shown in Figs. 4(e), 4(f), and 4(g). Again, only the single sharp spike was confirmed. In this way, the intracavity MMI fiber sensor did not generate any parasitic side modes in the RF region.
It is also interesting to investigate the existence of such the parasitic side modes in the optical frequency region. To this end, we prepared a narrow-linewidth CW laser (PLANEX, Redfern Integrated Optics, Inc., center wavelength: 1,550 nm; FWHM: <2.0 kHz) and phaselocked it to a commercialized OFC (OCLS-HSC-D100-TKSM, Neoark Co., center wavelength = 1560 nm, spectral bandwidth = 20 nm, repetition frequency = 100 MHz, carrier-envelope-offset frequency = 10.5 MHz, phase-locked to the RF frequency standard). Linewidth of the phase-locked CW laser light is estimated to several kHz. Then, the phaselocked CW laser light was interfered with the output light of the MMI-OFC by a fiber coupler (not shown in Fig. 2 ). Figure 5 shows the RF spectrum of the optical beat signal between the CW laser light and the MMI-OFC light. In addition to the frep signal, the beat signal (freq. = f beat ) between the CW laser light and the most adjacent MMI-OFC mode and its mirror signal (freq. = f rep -f beat ) were clearly confirmed. Due to no active stabilization of the repetition frequency and the carrier-envelope-offset frequency in the MMI-OFC, the f beat signal fluctuated with the somewhat broader linewidth (see Visualization 1); however, no parasitic side modes appear in the optical frequency region. We further compare the fluctuation of f rep between the MMI-OFC and the usual OFC. f rep in the MMI-OFC was 43. 19 MHz, whereas that in the usual OFC was 43.06 MHz. Fig. 6 shows a comparison of the fluctuation in f rep between the usual OFC (blue plots) and the MMI-OFC (red plots) with respect to gate time. The fluctuation in f rep is indicated by the Allan deviation. The fluctuation in f rep showed similar behavior in the usual OFC and the MMI-OFC: the fluctuation decreased at gate times below 0.2 s, whereas it increased at gate times over 0.2 s. The drift behavior of f rep still remained even at gate times greater than 0.2 s, although the temperature of the OFC cavity was stabilized; this behavior is typical in f repunstabilized OFCs [35] . The f rep fluctuation in the MMI-OFC reached a minimum value of 0.0302 Hz at a gate time of 0.2 s. Most importantly, the introduction of the MMI fiber sensor into the fiber OFC cavity had little effect on the fluctuation in f rep , enabling us to perform high-precision RI sensing based on the stable f rep . 
RI-dependent shift of optical spectrum
Next, we investigated the shift of the optical spectrum with respect to the sample RI. Ethanol/water solutions with different mixture ratios ( = 0-15 EtOH%, corresponding to 1.333-1.340 RIU) were used as samples with different RIs. We repeated the same experiment for 5 sets of ethanol/water samples with different RIs, and then calculated the mean and the standard deviation of them for each RI. Figure 7(a) shows a comparison of typical optical spectra of the ethanol/water samples with different RIs. Figure 7(b) shows the magnified spectrum of their peaks in Fig. 7(a) . One can confirm the long-wavelength shift of the optical spectrum with increasing RI. Figure 7(c) show the relation between the sample RI and the shift of the center wavelength in the optical spectrum. The corresponding ethanol concentration is shown on the upper horizontal axis in Fig. 7(c) . A positive linear relation between them was confirmed with a slope coefficient of 65.7 nm/RIU, indicated by a blue line. For comparison, we conducted a similar experiment using the ethanol/water solution sample ( = 0-60 EtOH%, corresponding to 1.333-1.364 RIU) by placing the same MMI fiber sensor outside the cavity, namely the usual OFC and the extra-cavity MMI fiber sensor, to use the MMI fiber sensor in the usual way. The resulting slope coefficient was 53.5 nm/RIU as shown in Fig. 7(d) although the experimental data somewhat deviated from the linear relation. Reasonable match of the slope coefficient between them indicates that the MMI fiber sensor can work as an RI sensor even inside the fiber OFC cavity, in the same manner as the extracavity MMI fiber sensor. 
RI sensing based on frep shift
Finally, we performed RI measurement of ethanol/water samples with different mixture ratios ( = 0-15 EtOH%, corresponding to 1.333-1.340 RIU) based on a shift in f rep . Figure 8(a) shows the RI-dependent shift of the RF spectrum for f rep , acquired by an RF spectrum analyzer. The linewidth of the RF spectra was limited by the instrumentation resolution of the RF spectrum analyzer rather than the actual linewidth of the f rep signal. Nevertheless, the amount of spectral shift was significantly larger than the spectral linewidth, compared with the RI-dependent shift of the optical spectrum in Figs. 7(a) and 7(b) . Such a high ratio of the spectral shift to the spectral linewidth enables high-resolution RI sensing based on RF measurement. Next, we measured f rep values for 5 sets of ethanol/water samples with different RIs by using an RF frequency counter, and then calculated the mean and the standard deviation of their frequency shift for each RI. Figure 8 Fig. 6 ], the RI resolution was estimated to be 4.88 × 10 −6 RIU. On the other hand, the RI accuracy was estimated to be 5.35 × 10 −5 RIU when it was defined as the root mean square (RMS) between the experimental data and the linear approximation. The differences of the RI resolution and accuracy are mainly due to the influence of the cavity and/or sample temperature, as discussed later. 
Discussion
We first discuss the validity of the RI-dependent f rep shift [ Fig. 8(b) ]. An RI-dependent optical spectrum shift is converted into an RI-dependent f rep shift via the wavelength dispersion of the cavity fiber [see Fig. 1(b) ]. The present MMI-OFC cavity includes a 2.9-meter SMF with anomalous dispersion ( = 17 ps/km/nm) and a 1.6-meter EDF with normal dispersion ( = −15 ps/km/nm), leading to a net dispersion of 0.0253 ps/nm. From this net dispersion and the slope coefficient of 65.7 nm/RIU in Fig. 7(c) , the relation between the time delay and sample RI is given as 1.66 ps/RIU, corresponding to −3.1 × 10 3 Hz/RIU. This estimated slope is in reasonable agreement with the experimental plots for the MMI-OFC [ = −6.19 × 10 3 Hz/RIU, see Fig. 8(b) ]. There are two reasons for the difference between the experimental slope and the estimated one: one is the change in the optical cavity length caused by the Goos-Hänchen shift in the intracavity MMI fiber sensor; the other is the wavelength dispersion of the intracavity MMI fiber sensor. Even including such an influence, the MMI-OFC functions as a correct photonic RF converter for RI.
Next, we discuss the influence of temperature fluctuation in the MMI-OFC cavity because such temperature fluctuation results in thermal expansion or shrinkage of the optical cavity length and hence leads to a change in nL and frep. We measured f rep shift in the MMI-OFC with a pure water sample ( = 0 EtOH%, RI = 1.333 RIU) when the cavity temperature T cav was changed within the range of 20.0 to 21.4°C. Figure 9(a) shows the relation between the cavity temperature and f rep shift. A linear relation was confirmed between them, and its slope was determined to be −177 Hz/°C by a linear approximation. On the other hand, the f rep fluctuation in Fig. 6 was 0.0302 Hz at a gate time of 0.2 s. Therefore, if the f rep fluctuation is mainly due to the fluctuation of T cav , T cav is estimated to be stabilized within 1.7 × 10 −4 °C during a time period of 0.2 s.
We also investigated the relation between the sample temperature T sam and the f rep shift because the sample RI depends on both EtOH% and temperature. To this end, we measured f rep shift when changing T sam of a pure water sample ( = 0 EtOH%, RI = 1.333 RIU) within the range of 22.0°C to 25.0°C, as shown in Fig. 9(b) . A linear dependence of f rep shift on T sam was confirmed again; however, the slope constant ( = −30.9 Hz/°C) was 6-times smaller than that of T cav . Therefore, T cav control is more important than T sam control for high-resolution RI sensing. If the f rep fluctuation is influenced by the fluctuation of T sam rather than that of T cav , T sam is estimated to be stabilized within 9.7 × 10 −4 °C during a time period of 0.2 s. T sam may further influence the RI accuracy because the reproducibility of T sam in repetitive measurements appears in the RI accuracy. From the RI accuracy of 5.35 × 10 −5 RIU in Fig.  8(b) , the reproducibility of T sam is estimated to be within 0.01°C. This value is reasonable considering the performance of the temperature controller.
Finally, we have a more in-depth discussion of the proposed method. The benefit of the proposed method was the precise photonic-to-RF conversion of the OFC, which is highlighted by comparing Figs. 7(a) and 8(a) . Combination of this function with highprecision RF measurement benefits the high-resolution RI sensing. The achieved RI resolution ( = 4.88 × 10 −6 RIU) is 10-times higher than that of the previous research [30] . On the other hand, the measurable range of the sample RI was remained within the range of 1.3326 ~1.3424 RIU, corresponding to 0 ~20 EtOH%, because of the difficulty of maintaining the nonlinear-polarization-rotation-based mode-locking oscillation in MMI-OFC. Also, such nonlinear-polarization-rotation-based mode-locking oscillation limits high reproducibility of f rep due to several degrees of freedom in the MMI-OFC cavity, such as the intracavity polarization controller or the pump LD current. Use of the saturable-absorptionbased mode-locking oscillation, in place of the nonlinear-polarization-rotation-based modelocking oscillation, will overcome these limitations due to its robust mode-locking oscillation and less degrees of freedom in the cavity. 
Conclusion
We integrated an MMI fiber sensor into a fiber OFC for f rep -based RI measurement. The RI change of a liquid sample was transferred to a change in f rep via multi-mode interference in the MMI fiber sensor and wavelength dispersion in the cavity fiber. Combined use of the MMI-OFC with high-precision RF measurement enables us to achieve an RI resolution of 4.88 × 10 −6 RIU and an RI accuracy of 5.35 × 10 −5 RIU. The concept of a precise photonic-RF-conversion OFC will expand the application scope of OFCs beyond their current use and will extend to fiber sensing, including RI sensing.
